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ISOTHERMAL FLOW OF A NON-NEWTONIAN FLUID THROUGH THE
CHANNEL OF A VOLUTE~TYPE DISK PUMP UNDER CONDITIONS
OF COMPLEX SHEAR

V. I. Yankov and V., A, Makarov UDC 532.542:532,135

A study is made pertaining to steady laminar flow of an anomalously viscous fluid
between two rigid disks in one of which the thread has been cut in the form of
an Archimedes spiral.

The advantages of a volute—type disk pump with the thread cut in the form of an Archi-
medes spiral over a conventional volute~type pump are the simplicity of its construction,
the possibility of regulating the clearances between the spiral ridges and the smooth other
disk, and the higher pressure head developed. The use of such pumps in industry is not wide-
spread owing to, apparently, mot only the large axial forces developing in them (which, by
the way, can be successfully reduced by adoption of the bilateral volute construction) but
also the unavailability of a design method.

We will consider the isothermal flow of a non-Newtonian fluid through a volute~type
disk pump consisting of two parallel rigid disks in one of which the thread has been cut in the
form of an Archimedes spiral (Fig. la). The threaded disk is stationary, while the smooth
disk rotates at a constant angular velocity we. It will be assumed in the formulation of the
problem that the channel width S is much larger than the channel depth H and that there are
no clearances between the spiral ridges and the smooth disk, the flow of the fluid being
steady and laminar, All calculations will refer to the median line of the spiral (dash—dot
line on the diagram), considering that the tangential velocity of the smooth disk Vo, = rw, as
well as the lead angle of the spiral § and the pressure gradients 8p/d¢ = Ay, 3p/3r = Ar vary
only along the channel (in the ¢ direction) while remaining constant across its width. Let
the inside radius and the outside radius of the Archimedes spiral be ri and ro, respectively,
The velocity component in the z direction will be disregarded.

In solving this problem we are mostly concerned about the pressure gradients 3p/dox = Ax,
dp/dy = Ay and the flow rate Qx. Accordingly, the vector representing the tangential velo—
city of the smooth disk Vo can be resolved into two components: Vx = Vo cos & and Vy = Vo
sin 6§ (Fig. 1b). '

The equations of motion, in projection on the axes @ and r, can be written as

01, Ay 01,
0z  r ’ 0z
An analysis of the solution to Egs. (1) for a Newtonian fluid has revealed that, with

Vs )

=A4,—p st
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Fig. 1. Volute-type disk pump (a) and its schematic de~
gign diagram (b).

NRe =< 10, addition of the term pV@/r to the equation of motion in the r-projection has al-
most no effect on the velocity profiles and on the Ap (pressure head)—Qyx (flow rate) char-
acteristics of a volute-type disk pump. Considering that such pumps are intended for trans-

fer of high-viscosity fluids and rarely operate even with NRe = 1, we disregard the centri-
fugal term in Eqs. (1) so that the solution can be written as
A
Tq}l e (2—H01), TTZ = A,.(Z—-—HCZ). (2)
r .

As the rheological equation for such a fluid, we will use a power law, viz., in this
case
n—I1

- oV, \? v, \2 7
ol ()]s o

For the solution of the problem we will use the follbwing dimensionless variables and
parameters:

LW

AV V Vi "V 0o [ B ] .
= N = V s r = V 5 = V , y == V , o = .
0 @ A - wyr ! Wl z @, ® [OWe t H H |A,]| cosd

In the dimensionless quantities (4), we then write the boundary conditions of the
problem as

Vi=V,=0a E=0;Vi=1,V,=0 ar E=1. (5)

Inasmuch as we will subsequently be interested in the projections of the fluid veloci-
ties on axes x and y, pressure gradients A, and A, can be expressed through their components

Ay and Ay as follows:
Ay = (Axcos b+ 4, sinb)r, A, = Ay sind— A4, cos .. (6)

A simultaneous solution of Egs. (2) and (3), using the dimensionless quantities (4) and
the expressions (6), yields [1]

ov 1 Sy Wl ). )
6§1= T (1+ atgd) E—cy) P s (tgé—a) E—c)

where

n—1

FeI[(1+atgdP E—cp+ (tgd—apE—a)l ™ .

*The signs plus and minus before a correspond to flow of the fluid with Ax =0 and Ax < O,
respectively. The corresponding sign before a will be determined automatically in the course
of the solution of the problem.
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Integration of expressions (7), using the first pair of boundary conditions (5), yields
for the fluid velocities in the directions of axes ¢ and r

£ : £
Vi: 1+atg6 j' (E—-—Ci) dg’ V2: tgs_a j‘(g'—cz) dg’ (8)
+a F “+ 0 F

respectively. Considering that Vs = V, cos 6 + V, sin 6 and V, = V; sin § — V, cos &, we
finally obtain for the dimensionless veloc1t1es Vs and V, in the directions of axes x and Y,
respectively,

£ I
V3 = Mﬁ_ cos 6 ‘g‘ (g—ci) d%‘l‘ tg (3-——-& sin ﬁg __(_E:Eg)_ dg,
+o F o4 F

(9

g 3
v, =100 s | E—c) g 18O o5 S £t g
4o F o :

0

The flow rates, per unit channel width and per unit channel length, in the directions
of axes x and y are then

1 1

Qx ( Q
x = ———— = | V3§, q,= Y _ = | V,d& (10)
7 w,rHS 5 4% 4y w,rHI g ok

g

Inserting expressions (9) into expressions {(10) and integrating by parts yields
1 1
_ I+tatgd - cos E—a=F dg +_tg8—a sin 8 =)= dg, (1n)
= F o F

: i
}—f—atgﬁ “in ﬁ‘g —ci)(l 3] g — tglﬁ-—a cosaf E—ea) (1 —F dE.

e +a J F
. «

0

In order to solve the problem, therefore, it is necessary to know the integration con-
stants c; and c, as well as parameter g and the magnitude of o (or of pressure gradient Ax).
For finding these quantities, we use the second pair of boundary conditions (3) and con~-
straints which must be imposed on the flow rates in the directions x and y (qy = 0, and 4y 1s
given in the problem), with which we obtain a system of four transcendental equations

I+atgd : (E—cy) de—1=0
4« F ’

0

i
" (E‘—Cz) _
——?;~—-d§—-0,

(12)

1 1

I+atgb Sinﬁjr E—c)(1=8 4, _ted—a o f E=a)(=Y .

+o F +o j ’
g

[

1

1 1
1 +aigb 5 E—e) (1 —§) o tgéb—a | (E—o) (1 —§) e
B cos Bg F dg + T sin 8 ( R dE— g = 0.

o
0

While solving the problem, one must bear in mind that the lead angle & of an Archimedes
spiral is not a constant quantity but a function of the angular coordinate @ , i.e.,

§ — 90°— arctg —
?
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or, since for an Archimedes spiral

r= ,
o © | (13)
a function of the radius
o A
8 = 90°— arctg . (14)
2nr
The length of an Archimedes spiral is
A f
b= @ =)= = (=) (1)

The pressure head developed by a volute-type disk pump is
!
0

Ingsmuch as the solution to the system of equations (12) yields the value of a, inserting
into expression (16) the value of Ay in terms of a according to relation (4) will, with rela-
tions (13) and (15) taken into-account, yields

_ 2aB ( g )” S‘ro _*_(L)" rdr  AB Aoy \? 0 (2 gdo
AH  \ H ) J | \a& cosd  2mH (QTEH) g [_( o ) ] cosd (17)
SN . 151

The power drawn by a volute—type disk pump can be calculated as

N = (Tuyl,_py €088 -1 1,0, Sinb) worSdx = 14,|,_,, worSdx. (18)

Integrating this expression (18), after the value of the shearing stress Tg, according
to relation (2) has been inserted into it, yields

N HwoS‘Ax(l+atg6)(1—ci) Srcosbdx= 23;3 (%)" Wy X

~° : ' n--2 n 3

xS [i(L)] (1+atg6)(1—c4)3rzdr=(—’“—)+ (—") woBS
a \ 2
ri ? 3
An analysis to the solution to our problem reveals that pressure gradient Ax varies

along the spiral not only in magnitude but also in direction, At some flow rate qx = gxo
in the channel where r = r, there can be found a channel section where Ax = 0. Therefore,
Ax <0 and is directed toward the center of the spiral along the channel segment To <{r<< Yo
but Ay = 0 and is directed outward along the channel segment rj <<I'<<fo, Depending on the
magnltude of gqx, the section with a zero pressure gradlent can fall beyond the channel and
then Ay > 0 along the entire channel ri <<r< ro.

[}

[ ( ) ] (l—l—atgﬁ)(l—ci) Se2de. (19)

For SpelelC calculations we have selected the following values of parameters: ri =
0,06 my ro = 0.125 my H = 0,01 m, S = 0,022 m, A = 0.025 m, wo = 10 sec™; B = 205 N-sec®*"

-2

m~*, n = 0.4, and pj = 0.

The system of equations (12) was solved numerically with the aid of a computer. The re-~
sults of calculations are shown in Figs. 2 and 3.

The graph in Fig. 2a depicts the distribution of the pressure gradient Ax along the
channel at various flow rates Qx = worHSqx. This graph indicates that the pressure gradient
is always positive when Qx = 0 (curve 1), but is first negative and then positive when Qx =
Qx,max (curve 5). The points at which these curves cross the axis of abscissas correspond
to sections where Ax = 0, Curves 2-4 have been plotted for intermediate values of the flow
rate. The graph indicates also that, as the flow rate 1s increased, the section at which
Ay = 0 shifts away from the inlet toward the outlet, and at flow rates higher than Qx,max
(curves 6, 7) it can pass beyond the channel. It is noteworthy, furthermore, that the pres-
sure gradient Ay at any flow rate always increases with the radius, because the tangential
velocity of the smooth disk increases with the radius.

The graph in Fig. 2b depicts the distribution of the pressure head along the spiral
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Fig. 2. Distribution of the pressure gradient
Ay, N/m® (a) and of the pressure head Ap, N/m?
(b) along the channel at various flow rates Qx,
m®/sec: 1) 0; 2) 3+107° m®*/sec; 3) 6.,6°107° m®/
sec; 4) 8,03°107° m®/sec; 5) 10.58+107° m®/sec;
6) 15.2+107° m®/sec; 7) 18-107° m®/sec. 7 in m.
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Fig. 3. Dependence of the pressure head
Ap (N/m?) and of the input power N (N°m/
sec) on the flow rate Q (m°/sec) and on

the viscous anomaly: 1) n = 0.4 and B =
205 Nesec®*“*m~?; 2) n = 0.6 and B = 137
Nesec? ®em™?; 3) n= 1.0 and B = 62.5 N*
secem™?

channel. At a zero flow rate (curve 1) or at a low flow rate (curve 2) the pressure of the
fluid rises continuously along the channel, while at high flow rates (curve 5) it first

drops and then rises., It is important to note that at flow rates close to Qg ,max OF higher
than that (curves 5-7) the entire pressure curve lies within the negatlve range. The theo~
retical minimum pressure head can reach very low levels, far below minus unity. Since physi-
cally this is impossible, such a characteristic cannot be realized in practice. By produc~—
ing a certain pressure at the pump inlet, however, one can shift the Ap(l) curve into the
positive range (dash line) and thus realize this characteristic in practice,

The graph in Fig. 3 depicts the dependence of Ap and N on the flow rate Qy. Curves !
and curves 2 correspond to the flow of fluids with a viscous anomaly n = 0.4 and n = 0.6 re-
spectively, while curve 3 corresponds to a Newtonian fluid with n = 1. As was to be expected,
the pressure head and the power input decrease with decreasing anomaly and this decrease
occurs faster, moreover, the farther the fluids depart from a Newtonian onme. It must also
be noted that the flow rates of fluids with different viscous anomalies are not equal at a
Ap = 0 pressure head and that this difference between their flow rates increases with the
lead angle § (the pitch A) of the spiral. In our specific example the pitch of the spiral

was small, so was the lead angle, consequently the flow rate Qx ,max remained almost constant
and independent of n.
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NOTATTION

¢, r, z, cylindrical coordinates; x, y, z, Cartesian coordinates; H and S, channel
depth and width; &, lead angle of the spiral; wo, angular velocity of the smooth disk; rj,
T, Tg, inside radius, the radius at any given point, and the outside radius of the spiral
along its median line; A¢, Ay, Ax, Ay, pressure gradients; p, density of the fluid; c, and
cz, lntegration constants; T¢z, TrF Txz, Tyz, components of the stress tensor; V¢, Vy, Vx,
Vy, projections of the velocity of the fluid on the axes ¢, r, x, y, respectively; T, stress
deviator; B and n, rheological parameters; A, strain rate tensor; V,, V,, Vs, V,, dimen-
sionless velocities of the fluid; a, ratio of pressure gradients; Qx and Qy, true flow rates
in the directions x and y, respectively; Qx,max, true flow rate corresponding to a zero pres-
sure head; gx and gy, dimensionless flow rates; 7 and X, spiral length and pitch; ¥ and ¢,
angular coordinates of the inside endpoint and the outside endpoint of the spiral on its
median line; p, pressure; pj, fluid pressure at the pump inlet; and N, input power.
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AN ARTERIAL HEAT PIPE WITH A GROOVED EVAPORATOR

V. S. Tarasov UDC 621.565.94

A method is developed for calculating the hydrodynamic heat—transfer boundary
of arterial heat pipes with capillary channels having a triangular profile in
the evaporator. Comparison with experimental data demonstrates the satisfac—
tory accuracy of the method.

Evaporators for arterial heat pipes (AHP), equipped with ring-shaped capillary channels,
e.g., grooves with a triangular profile (V-~channels) (Fig. 1), can operate with very dense
heat fluxes with high heat-exchange coefficients [1-4]. However, there is no satisfactory
theory for calculating the limiting characteristics of such AHP. The difficulty with the
hydrodynamic theory developed in [1, 2] is that it does not relate the magnitude of the
hydrodynamic heat—transfer boundary (HHTB), which determines the maximum attainable heat
flux density in the evaporator, to the pressure losses in the heat carrier in the rest of the
AHP and it does not provide a physically correct estimate of the influence of the contact
angle on the HHTB,

When heat is input uniformly, all evaporator channels are loaded identically and the
HHTB will be determined by the channel in the beginning section of which, for x = 0, the
meniscus is curved more strongly than<4n the neighboring channels [5]. In most cases, this
is the edgemost channel that is farthest away from the condensor, For this channel, the
following relation is valid: ‘

Apcap: Ap, + APrers (

The pressure differential Apyrem in the rest of the AHP causes the meniscus to be curved in
the starting section with a radius

Ry = 6/Aprem* ' (2)

From the starting section to the end section x = xp, the liquid moves under the action
of a capillary pressure gradient, compensating for frictional resistance [1, 2]:

dp' _ dpe P (3)
dx dx
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